We suggest an algorithm for integrating systems of two second-order ordinary differential equations with four symmetries. In particular, if the admitted transformation group has two second-order differential invariants, the corresponding system can be integrated by quadratures using invariant representation and the operator of invariant differentiation. Otherwise, the systems reduce to partially uncoupled forms and can also be integrated by quadratures.
Introduction
Integrating methods for differential equations are important in applied mathematics and mechanics. Lie symmetry analysis provides well-known instruments for integrating ordinary differential equations (ODEs) by using their symmetry properties (e.g. [1] [2] [3] [4] [5] [6] ). In particular, if an n-order ODE admits a sufficiently large symmetry group, one can integrate it by order reduction or using canonical variables. A classical reduction method is implied using the invariant differentiation operator and is applied to equations admitting solvable Lie algebras. The method of canonical variables is based on the classification of non-similar Lie algebras of operators and is applied to integrating second-order [1] , third-order [7] and fourth-order [8, 9] which consists of m equations of order n. For systems (1.1) consisting of first-order ODEs, as well as for scalar first-order ODEs, there are no constructive algorithms for constructing the symmetries of systems. And in this case Lie algebras of generators are used for investigating the nonlinear superposition [4, [10] [11] [12] .
If the order of equations of (1.1) is more than 1, then the symmetries of (1.1) are calculated by using constructive methods (e.g. [1] [2] [3] [4] [5] [6] 13, 14] ). Moreover, for system (1.1) with given functions F i one can use any package of systems for computer algebra, by which one can find symmetries and invariants of systems. For example, the package GeM for Maple [15] , the package SYM for Mathematica [16] and the package SYMMETRY for Reduce [17] .
In [18] , it is proved that if system (1.1) has nm + 1 symmetries, then one can present the general integral of this equation by algebraic operations. This fact is the generalization of the classical results of integrating methods for scalar second-order ODEs with three symmetries [1, 4] .
However, for systems (1.1), which admit nm symmetries or less, the integration problem is not completely solved. On this subject systems of second-order ODEs are the most studied. In particular, group classification of systems of two second-order ODEs admitting three-and fourdimensional Lie algebras is provided in [19, 20] . Group classification of systems of three secondorder ODEs is provided in [21] . Lie symmetries of systems of second-order linear ODEs are investigated in [22] [23] [24] [25] .
The methods for reducing the order of systems of two second-order ODEs admitting threedimensional solvable Lie algebras are described in [26] . In [27] , the algorithm for the reduction of order for systems of two second-order ODEs admitting solvable four-dimensional Lie algebras of symmetries is suggested.
However, one can see that all integration methods for ODE systems are generalizations of the classical reduction method for scalar ODEs and are applied only for systems admitting solvable Lie algebras.
In this paper, we suggest a universal algorithm for constructing the first integrals of ODE systems. We show that any system of two second-order ODEs with four symmetries can be integrated by quadratures. The suggested algorithm can be extended to systems of higher-order ODEs, as well as to systems of more than two equations.
Main result
We consider systems of the form
admitting four-dimensional (real) Lie algebras with generators
and suggest methods to construct the first integrals of them. These methods are based on using invariant representation of (2.1) and the operators of invariant differentiation. Let us consider any four-dimensional Lie algebra L 4 with generators (2.2). To construct system (2.1) admitting such an algebra, one can use the invariant representation of the system, i.e. the representation of equations (2.1) by invariants and differential invariants of the admitted transformation group (e.g. [1] [2] [3] [4] Let us introduce matrix Λ 0 consisting of coordinates of infinitesimal generators (2.2) as well as matrices Λ 1 and Λ 2 consisting of coordinates of prolongations of (2.2) to the first and second derivatives, respectively:
Here
, are coordinates of the prolonged operators. These coordinates are determined by the formulae
and
where D t is the operator of total differentiation.
As is well known (e.g. [1] [2] [3] [4] 28] ), any Lie algebra of operators in R n has k = n − r invariants, where n is a number of variables and r is the rank of matrix, containing the coordinates of the operators. The k-order invariants are obtained from the system of linear equations
where k is the order of prolongation and X i,k is the prolongation of the operator X i up to the kth derivatives.
The methods and examples of solving systems in the form (2.3) are well known; for details, see [29] . Also these methods are realized in modern computer systems such as Maple and Mathematica. Table 1 contains admissible ranks of matrices Λ 0 , Λ 1 and Λ 2 for arbitrary four-dimensional Lie algebras L 4 of differential generators in R 3 and forms of corresponding invariant systems (2.1).
One can see that, in cases 1, 4 and 7, algebras L 4 have no realizations in R 3 . In cases 3 and 6, algebras L 4 have two second-order differential invariants and invariant systems are obtained by the theorem on invariant representation (e.g. [2] ). According to this theorem, the rank of the coefficient matrix Λ 2 on the solutions of (2.1) does not differ from its common rank. The obtained systems are called regular. Such systems are considered in [19, 20] matrix Λ 2 is reduced. So obtained systems are called singular. In [26] , singular systems admitting three-dimensional Lie algebras are considered.
Thus, one can split the set of systems (2.1) admitting four-dimensional Lie algebras into three classes. The first one consists of regular systems admitting L 4 with rank(Λ 0 ) = 3. The second class contains regular systems admitting L 4 with rank(Λ 0 ) = 2. Integration of these systems is based on their invariant representations and uses the operator of invariant differentiation. The last class consists of singular systems. It is approved that, if a system is singular, it can be reduced to a partially uncoupled form (in terms of [26] ). Moreover, all systems with four symmetries can be integrated by quadratures. Both of these statements are checked for systems (2.1) admitting canonical forms of Lie algebras of operators (2.2) obtained in the classification [30] . Furthermore, such systems are also named canonical. For Lie algebras in canonical forms we construct 60 canonical systems of the first class, 14 systems of the second class and 18 systems of the third class. According to the group classification method any system (2.1) with four-point symmetries can be reduced to a canonical form and then integrated.
(a) Integration of regular invariant systems
In the theory of differential invariants, the concept of the invariant differentiation operators is introduced. The actions of these operators to k-order invariants give (k + 1)-order invariants (e.g. [1] ). In the case of one independent variable and two dependent variables, the operator has the form λ(t, x, y, x , y , . . .)D t , where D t is the total differentiation operator.
In [2] , it was shown that the operator of invariant differentiation λD t can be obtained from the condition of commutation 
By the prolongation formulae
and conditions (2.4) can be rewritten as
Hence, λ satisfies the following system of equations:
where r is the dimension of the Lie algebra. We use the invariant differentiation operator for the integration of systems (2.1). First, we investigate case 3 from table 1, where rank(Λ 0 ) = 3, rank(Λ 1 ) = 4 and rank(Λ 2 ) = 4.
Here, the invariant representation of the corresponding systems has the form By the definition of the invariant differentiation operator, we obtain the representation
2 )
with some function Θ. So, if the four-dimensional Lie algebras satisfy case 3 and is admitted by system (2.6), then
where F(I 1 ), G(I 1 ) ). Equation (2.7) can be rewritten in the form x, y, x , y , . . .) . An arbitrary change of variables keeps the ranks of matrices Λ 0 , Λ 1 and Λ 2 and also keeps the integrability of the right-hand side of (2.8) (e.g. [31] ), i.e. the following theorem is valid. Prolongating generators are
Theorem 2.1. Let system (2.1) admit a four-dimensional Lie algebra with generators (2.2). If the operators satisfy the conditions rank(
Matrices Λ 0 , Λ 1 and Λ 2 are as follows:
So, this algebra satisfies case 3 and, consequently, it has one first-order and two second-order differential invariants. They are found from the system I(t, x, y, x , y , x , y ) . And we obtain the next invariants
Hence, the invariant systems have the form (2.6)
For all systems of this type, the operator of invariant differentiation is obtained from the system
where λ = λ(t, x, y, x , y , x , y ). Here, we can choose λ = 1, then equation (2.7) takes the form
Let I 1 = ϕ(t + C 1 ) be the integral of this equation. Then system (2.9) can be rewritten in the form
This system can be integrated by quadratures. 
which also satisfy case 3 and, consequently, the invariant systems have the form (2.6), where
One can choose the solution of (2.5) as λ = y /y and equation (2.7) is
We can rewrite this equation in the integrable form
Let I 1 = ϕ(C 1 y ) be the integral of this equation. Then system (2.6) can be rewritten in the form (C 1 y ) ), In this case, the invariant differentiation operator satisfies the condition
For all canonical Lie algebras of this class (see [30] ), we can choose
and can construct functions u(t, x, y, x , y ) such that
2 ) (2.13)
with some functions Φ. On solutions of (2.10) this condition yields
where
(t, F(t), G(t)).
Hence, the first integral of system (2.10) has the form
Adding this integral to (2.10), we come to the integrable system. An arbitrary change of variables keeps the integrability conditions of (2.10) (e.g. [31] ), i.e. the following theorem is valid. (2.2) and the generators satisfy the conditions rank(Λ 0 ) = 2, rank(Λ 1 ) = 4, rank(Λ 2 ) = 4. Then the first integral of system (2.1) exists. Moreover, this system is integrable. Example 2.5. Let system (2.1) admit Lie algebra g 4, 5 (see the classification result in [30] ) with generators
Theorem 2.4. Let system (2.1) admit a four-dimensional Lie algebra of generators
These operators satisfy case 6 and invariant systems have the form (2.10), where
In this case, we can define u = ln(y − ϕ x ) such that
2 .
i.e. we have a first integral for (2.10) Substituting expression (2.14) instead of u we can obtain the general solution of the system. Remark 2.6. If a system of form (2.1) admits a three-dimensional Lie symmetry algebra, then the operator of invariant differentiation can be used to reduce the order of the considered system. For example, if generators of Lie algebra L 3 satisfy conditions rank(Λ 0 ) = 3, rank(Λ 1 ) = 3 and rank(Λ 2 ) = 3, then this Lie algebra has two first-order and two second-order differential invariants. Hence, the corresponding invariant system has the form
and I
1 ).
Applying the invariant differentiation operator, one can obtain
In other words, applying the invariant differentiation operator gives a reduction in the order of the considered system (2.1). If system (2.16) is simple and λ is integrable, we can even obtain the first integrals of (2.1). Otherwise we can reduce system (2.16) to the equation
Its integrability depends on the forms F and G.
(b) Singular systems and their integrability
In cases 2, 5 and 8 from In the general case, the rank of matrix
is equal to four, and if y = 0 the rank of matrix Λ 2 is reduced to three. So, the system admitting the given Lie algebra is partially uncoupled
and y = 0 and this system is integrated.
Remark 2.9. In this section, we used the canonical forms of four-dimensional Lie algebras. But the suggested algorithm can also be applied to systems which admit non-canonical Lie symmetries. We demonstrate this in the next section.
Applications
Here, we present a few physically important examples of systems (2.1) admitting fourdimensional Lie algebras and solve them by using the suggested algorithms. It admits the Lie algebra with generators
These generators satisfy case 3. So, the algebra has one first-order and two second-order differential invariants The first integral of the system is C 1 = r 2 θ . Then system (3.1) takes the partially uncoupled form
This system can be integrated by quadratures.
Example 3.2. The motion of a body in a resistant medium is described by the system [34]
where v = x 2 + y 2 , g is a free-fall acceleration and F(v) is a resistance function. If F(v) = σ = const., the system admits the Lie algebra g 4, 5 with generators
The operators satisfy case 3 and a corresponding invariant system has form (2.6), where
2 = x and I
The function λ of the invariant differentiation operator can be chosen as
Then equation (2.7) takes the form
Hence, the first integral of the system is
And the system can be rewritten as follows:
Expressing y from the second equation, we obtain
So, the system can be integrated by quadratures. These operators satisfy case 3 and have one first-order and two second-order differential invariants Then the first integral of the system is
And the system takes the form This algebra has two first-order and two second-order differential invariants
1 = r 3/2 θ , I
(1) 2 = r 2 r and I 
1 .
Then the first integrals of the system are 
Conclusion
We have suggested algorithms for the integration of the systems of two second-order ODEs admitting four-dimensional Lie symmetry algebras by using the invariant differentiation operator. It is easy to see that these algorithms can be generalized for integration of the systems of k m-order ODEs, km ≥ 4, as well as such systems with a small parameter, which is invariant with respect to approximate symmetries. admitting a six-dimensional Lie algebra of operators, and these operators satisfy conditions rank(Λ 0 ) = 4, rank(Λ 1 ) = 6 and rank(Λ 2 ) = 6. Then the algebra has one first-order and three second-order differential invariants. Consequently, by using the invariant form of (4.1) and the operator of invariant differentiation, we can obtain an equation for the first integral of the system. More detailed research in this direction will be carried out in future works.
